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an 19 7a analyzes a transformation mo el of the form

1
here is a s alar response variable, isa 1 ve tor of non onstant e planatory variables, an
is an unobserve error term n this mo el, is observe is an in reasin fun tion
of kno n up to the 1 ve tor parameter is an inter ept, an is a 1 ve tor of
slope parameters The ob e t of estimation is
A lea in spe ial ase of the transformation fun tion in 1 isthe po er transformation
stuie by o an o 1964 n this mo el, 1 an 0 The transformation has the
form
1 0 2
This transformation is eneralize by ikelan oksum 19 1 or , their transformation
has the form
si n 1 0 3

o el 1 is either parametri or semiparametri epen in on hether or not the fun tional
form of the istribution of isassume tobekno n ore ample,in 3 ,one oul assume that
is normally istribute ith mean zero an nite varian e, an estimate by ma imum likelihoo
0 ever, in a parametri approa h su h as this, if the istributional assumption is in orre t, an
espe ially if some ata is ontaminate , then stan ar estimation pro e ures are sus eptible to

lar e biases This motivates a semiparametri approa h that is not sensitive to outliers in the ata



an 19 7a estimates  semiparametri ally in three sta es n the rst sta e, he estimates
ith the ma imum rank orrelation @R  estimator evelope in an 19 5
an 19 5,19 7b proves onsisten y an herman 1993 proves - onsisten y an asymptoti
normality of this estimator n the se on sta e, usin the estimator of , an 19 7a evelops a
onsistent rank-base optimization estimator of n the thir sta e, usin the estimators of
an , an 19 7a onstru ts onsistent estimators of  an usin either least s uares or
least absolute eviations re ression
This paper fo uses on estimation of , the parameter ve tor that hara terizes the transfor-
mation fun tion in 1 A number of semiparametri estimators of = have been evelope These
in lu e the nonlinear t o-sta e least s uares 2 estimator of Amemiya an o ell 19 1
an a res ale version of the 2 estimator evelope by o ell 1996 These estimators
are spe ial ases of eneralize metho of moment G estimators of see ittlehammer,
u e, an iller, 2000 ther semiparametri estimators of  in lu e the uantile re ression
estimator of o ell 1991 an the nonlinear ei hte least s uares estimator of oster, Tian, an
ei 2000 A re ent simulation stu y by avin an urtz 2001 ompares the three nonlinear
least s uares estimators ust mentione
n relate  ork, oro itz 1996, e an  uan 1997, hen 2001, an Klein an  her-
man 2001 have evelope - onsistent an asymptoti ally normal semiparametri estimators
of the transformation fun tion in 1 ithout makin parametri assumptions about its fun tional
form  ee also Gor ens an  oro itz, 1999 o ever, all these estimators re uire in epen en e
of errors an re ressors na ition, iththee eptionof hen sestimator, they involve the use of
kernel re ression estimators re uirin sub e tive ban i th hoi es The estimators of an 19 7a

see Remark 1 in e tion 4, o ell 1991 , an ertain G estimators see ittlehammer et



al 2000 an be onsistent un er eneral forms of heteros e asti ity Also, no ban i th hoi es
are nee e to ompute either ans 19 7a estimator, or the estimators of Amemiya an o -
ell 19 1, o ell 1991, oster et al 2000 , or the other G estimators
There are t o main ra ba ks to an s estimator of irst, the limitin  istribution of his
estimator has not been establishe an 19 7a one ture that his estimator as - onsistent
ith a nonnormal limitin  istribution, but provi e no proofs art ofthe i ulty in establishin
the limitin  istribution of this estimator lies in the fa t that it ma imizes a is ontinuous sample
ob e tive fun tion This ren ers stan ar Taylor series ar uments inappli able an su ests an
approa h base onre ent evelopments in empiri al pro ess theory o ever, the sample ob e tive
fun tion is a eneralize avera e of in i ator fun tions of sets here nonlinear fun tions of
are positive The nonlinearity of the transformation fun tions pre lu es the use of o the shelf
empiri al pro ess results e on ly, omputations are re uire to evaluate the riterion
fun tion, here is the sample size This makes the estimator prohibitively e pensive to ompute
for mo erate to lar e sample sizes
The oal of this paper is to repair both of the previously mentione e ien ies e estab-
lish a result that lets us e u e the key apnik- ervonenkis property for the lasses of
sets asso iate  ith the lea in spe ial ases in 2 an 3  This property is su ient to es-
tablish - onsisten y an asymptoti normality of an s estimator, thus provin one part an
isprovin the other part of ans one ture e ill then intro u e a ne  lass of rank-base
optimization estimators that are also - onsistent an asymptoti ally normal, but only re uire
lo omputations to evaluate the ob e tive fun tion, makin the estimators pra ti able for
lar er sample sizes These estimators are a aptations of the rank estimators of evelope by

avana h an herman 199 , an e ploit pearmans 1904 measure of rank orrelation rather



than Ken alls 193 measure, on hi h an s estimator is base The former is omputationally
more e ient
n the ne t se tion, e present an s estimator of an state on itionsun er hi h the esti-
mator is - onsistent an asymptoti ally normal e also establish the property for the lass
of sets asso iate  ith the transformation fun tionsin 2 an 3 n e tion 3, e establish the
limitin  istribution of the estimator an sho ho to estimate its asymptoti varian e- ovarian e
matri n e tion 4, e intro u e the ne lass of rank estimators of = an prove onsisten y
e also prove - onsisten y an asymptoti normality an in i ate ho to estimate asymptoti
varian e- ovarian e matri es e tion 5 presents simulation results omparin t o of the ne esti-
mators to those of an s estimator, the ikel an oksum 19 1 parametri estimator, an the

semiparametri estimator of Amemiya an o ell 19 1 e tion 6 summarizes

et enote a sample of ii observations from mo el 1 et
enote the parameter spa e for , an the parameter spa e for et enote a
onsistent estimator of an 19 Ta proposes estimatin ith ar ma here
ith ran in over the 1 2 3 or ere 4-tuples of i erent
inte ers from the set 1 ote that for e an is a fourth-or er -statisti

A simple prin iple motivates the estimator y 1,
if an only if uppose in 1 that is

in epen ent of  Then the ran om variables an



are in epen ent an symmetri about zero t follo s that iven if

, then it is more likely than not that

This i enti es as the ma imizer of the e pe te value of e also see that
ma imizes Ken alls 193 measure of rank orrelation bet een the s an the
S
rite for an let have istribution on the set oreah ,
, an , € ne
here, for , 1234,

an , for e ample, is shorthan for

rite for the empiri al measure that puts mass — on ea h The term

is the pro e tion term in the oe in e omposition see, for e am-
ple, er in , 19 0 of This term, evaluate at , rives the asymptoti

behavior of

et enote an arbitrary fun tion of an rite for , for , for

,an soon et enote the matri norm or , let

enote a fun tion from  to ,an let the symbol enote onver en e in istribution



eno state on itions implyin

- onsisten y an asymptoti normality of

A The s, 1 , are ii
A The sareii an in epen ent of the s
A is ontinuously istribute an has a non e enerate istribution
A is an interior point of , a ompa t subset of
A orea h , is ontinuous an stri tly in reasin
A ith positive probability, is i erentiable an nonlinear in for
A is a lass of sets
A N N 1 as , here 0
A et enote a non e enerate onve nei hborhoo of
oreah , has ontinuous mi e thir partial erivatives on

There is an inte rable fun tion

The matri

Assumptions Al throu h A6 are su
tions are sli htly eaker than those use by

fa t, the assumption of in epen en e bet een the

essary

9

is ne ative e nite

su h that for ea h

ient to prove stron

an 19 T7a to prove stron

S an

an

onsisten y of These assump-
onsisten y of n

s in A2 is mu h stron er than ne -

ee Remark 1 after the onsisten y proof in e tion 4 A7 is a key re ularity on ition



use in the normality proof in e tion 3 elo , e verify this property for the lea in spe ial
ases ivenin 2 an 3 A re uires that there be a - onsistent an asymptoti ally normal
rst-sta e estimator of =~ As mentione previously, ans 19 5,19 7b ma imum rank orrelation
estimator satis es this on ition ne oul also use one of the omputationally more e ient rank
estimators of avana h an  herman 199 These estimators re uire no sub e tive ban i th
hoi es The on itions of A9 are stan ar an are use to support ar uments base on Taylor
e pansions of an its erivatives about an ote that if an the ensity of

are su iently smooth, then A9 i throu h A9 iv  ill hol

Re all that a lass of subsets of a set  an pi k out at most a polynomial number of subsets
from the 2 possible subsets of an arbitrary set of points in e , akesan ollar ,19 9

e ill use the ne t result to verify A7 for the mo els es ribe in 2 an 3 n the statement

of this result, a real-value fun tion , ,is sal to han e si n at a point  if either i
0 for an 0 for or ii 0 for an 0 for
sup
0
et enote arbitrary points in rite  for 0
e say, for e ample, that  pi ks out the subset from if there e ists a
su h that 0 for 237 an 0 for 237 e ill sho that an
pi k out no more than 1 of the 2 possible subsets of This ill prove the result
y assumption, for ea h , there are at most points at hi h han es si n The union

of these points ontains at most points an partitions into at most 1 intervals Ea h

10



interval orrespon s to an -tuple of s an s, here the th omponent is a if 0

for ea h  in the interval, an a if 0 for ea h  in the interval Thus, the number of
su h -tuples boun s the number of subsets of that an pi k out
onsi er mo el 2 Take , , , an
imple al ulus sho s that for ea h , han es si n at most 2

times The proof for 3 is similar

n this se tion, e prove that is - onsistent an asymptoti ally normal, an sho ho
to estimate its asymptoti varian e- ovarian e matri
rite for an for ote that

ar ma an ar ma inally, rite for -

11



n er Al throu h A6, an 19 7a prove that

ill sho that uniformly in 1 nei hborhoo s of ,

here onver es in istribution to a ran om ve tor Then A9 v, 4, an Theorem 1

in herman 1993 ill imply that

The result ill then follo from 4, 5,an Theorem 2 in herman 1993

rite for the probability measure that puts mass 1 on ea h -tuple ,

2 3 4 Apply a version of the oe in e omposition see herman, 1994, p 449 to rite

here isa e enerate -statisti of or er |, 2314

Apply A3, A7, emma 212 in akes an ollar 19 9, emma 6 an orollary in her-

man 1994 , an ar ue as in Theorem 4 of herman 1993 to see that the e enerate -pro esses

of or er t o, three, an four an be ne le te  That is, uniformly over 1 nei hborhoo s of

12



e u e that uniformly over 1 nei hborhoo s of ,

e t, esho that uniformly over 1 nei hborhoo s of ,

uanti es the penalty pai for havin to estimate

The term
i an nvoke A9 i an e pan about to et
1
2
for bet een an y A9ii, forea h an eah
9
nvoke 9 an the inte rability of , then take e pe tations in an evaluate at to et
that uniformly over 1 nei hborhoo s of ,
1
4 = 4
2
in e is ma imize at , 0 y a Taylor e pansion about ,
here isbet een an ivi e throu h by 4 an apply

A an A91 toestablish 7

13



e t, esho that uniformly over 1 nei hborhoo s of

1 _
— 1 10
ote that 0 for all  Also, sin e 4 , 0 on ition
10 then follo s from A9 i an a Taylor e pansion about follo e by a Taylor e pansion

about

on itions 6, 7,an 10 imply on ition 4 This proves the result

eno evelop onsistent estimators of an in Theorem 2 e use numeri al erivatives,
as in akes an ollar 19 9 or ease of notation, e present one-si e i eren e uotient
estimators in e the riterion fun tion is a step fun tion, entere i eren e uotient estimators

perform better in pra ti e, espe ially for small to mo erate sample sizes Alternatively, one oul

evelop e pressions for an in terms of mo el primitives an estimate omponents nonpara-
metri ally, as is one in avana han herman 199 o ever, e onot o so here
Re all the e nition of ivenin e tion 2 Also, re all that 1 2 an
enotes the probability measure that puts mass 1 on ea h 3-tuple , here
ran es over the or ere 3-tuples of i erent inte ers from the set 1 oreah
, , an , € ne
ote that tan ar  -pro ess ar uments, su h as those iven in the

14



proof of Theorem 2, imply that as ,

sup 1 11
rite for the th omponent of , for the th omponent of
, an for the th omponent of Assume, for simpli ity, that all
these partial erivatives are boun e in a nei hborhoo of et , , , an
enote se uen es of real numbers onver in to zero as et an
enote stan ar bases for an , respe tively e ne

e u e from this, 11, an a one-term Taylor e pansion of the population i eren e uotients

about usin the boun e ness an ontinuity A9 i of the partial erivatives near
an the - onsisten y of , that as ,
1 1
1 1
1 1
here the 1 terms an the 1  terms are uniformly boun e hoose the se uen es ,

15



, , an so that as , , , an e ne

NI

inally, e ne

NI

e u e from the previous ar uments an the onsisten y of for that an

onsistently estimate their population ounterparts

n this se tion, e intro u e a ne lass of rank estimators of  that re uire only lo
omputations to evaluate the ob e tive fun tion These estimators are a aptations of the rank
estimators of evelope by avana h an  herman 199 e prove onsisten y, an then
establish - onsisten y an asymptoti normality an in i ate ho to estimate the varian e-
ovarian e matri es

et enote an in reasin fun tion on or real numbers 1 , 1 ,

, let , the rank of et  enote a onsistent estimator of e

16



propose estimatin ith ar ma here

12
or ease of notation, e suppress the epen en e of on ote that hen ,
then is a linear fun tion of pearmans 1904 measure of rank orrelation bet een the
s an the S ee also ehmann 1975, hapter 7  in e sortin
numbers re uires only lo omputations e , Aho et al, 1976, e tion 34, e see that
only lo omputations are nee e to evaluate
a imum robustness is a hieve by hoosin 0 ever, more e ien y may
be obtaine by hoosin a eterministi spe i ation like An interme iate hoi e is the
insorize fun tion for ee avana h an

herman 199 for more is ussion on spe ifyin

hen is eterministi , e make the follo in assumptions

A is a ontinuous, non onstant, in reasin fun tion on the support of

A sup

ontinuity in A10 an be rela e to almost-sure ontinuity Also, note that All is trivially
satis € hen  isboun e ,as hen is the insorize fun tion e ne above

e no prove onsisten y of hen is eterministi n a remark after the proof of
Theorem 3, e sho ho the proof easily e ten s to over the ase The i ea
behin our i enti ation proof is similar to ans 19 7a o ever, e ive our o n proof sin e

e oul not follo the etails of ans proof

17



E pan the rank fun tionin 12 intoasuman thro a ayterms ithe ualin i es
These terms are ne li ible, asymptoti ally ivi e by an , abusin notation sli htly, let

enote thisne ob e tive fun tion e ne

e 1ll sho

is uni uely ma imize at

sup 1 as

is ontinuous on

onsisten y then follo s from stan ar ar uments e , Amemiya 19 5, pp 106-107

rite for e ne

y symmetry,



rite for an for Re all from 1 that

y Al an A2, an are in epen ent an symmetri about zero y ayes Theorem,
0 0 0
0 0 0
y symmetry, 0 0 y in epen en e an symmetry,
0 0 14
e u e that
0 0 15

t follo s from on ition 15 an A3 that on a set of probability one,

n other or s, on a set of probability one, if an only if the istribution of
iven  puts more probability mass on points for hi h than on points
for hih e u e from this, A3, an the fa t that is non onstant an

in reasin , that

16

19



hen , the in i ator fun tions in 13 pi k out the lar er of an
This happens ith probability one by A3 an A5 Thus, is ma imize at
To sho that is the uni ue ma imizer of e sho that for

7

rom 13, e et that

rite for the value of the ve tor of four in i ator fun tions in the last e pression

That is,

) ) )

an n a set of probability one, there are four possible values
for 1001, 1100, 0011,an 0110 The ontribution to

from the se on an thir 4-tuples is zero The ontribution from the rst an fourth

4-tuples is nonne ative by 16 To sho that , it is enou h to sho that

the ontribution from the rst 4-tuple is stri tly positive This ill hol if there e ists a set

su h that 0 an 1 on
or on reteness, rst onsi er mo el 2 The eneral proof is similar, as e ill sho e

must n aset ith positive probability on hi h the follo in t o on itions hol

20



E uivalently, e seek a set ith positive probability on hi h

here an ote that 0, 1234an 0
hoose 0 su h that i 0 satisfyin an
2 i 01 A similar ar ument ill ork for 1, as e ill sho in e
is in reasin an on ave in , for all an ,
— — 17

Take , , , an y onstru tion,
for all , 1234,

y the ean alue Theorem an 17 , for all , 1234,

o hoose small enou h so that

f 1, let¢ , , ,an han e respe tive roles ith , , , an in the previous

21



ar ument This proves on ition i for mo el 2
onsi er the eneral ase rite for

on hi hthefollo in t o on itions hol

E uivalently, e must n a set

emust n a set

ith positive probability

ith positive probability on hi h

forall for hih

here , 12314
ote that
Thus, — is onstant on an interval if an only if
y A3 an AG, there is an interval of positive probability on hi h this oes not happen
hoose from this interval an ar ue as before to et the eneral result This

proves on ition i for the eneral ase
Turn to on ition ii in e onsistently estimates
real numbers satisfyin 1 as for hih

sup sup

22

, there e ists a se uen e of positive

0 ¢t follo s that as



The rst term on the ri ht is boun e by

sup sup
The rst term has or er 1 — as This follo s from the fa t that
is a zero-mean -pro ess of or er 4, an from stan ar -pro ess an empiri al pro ess results

apply A7, the ar ument in e tion 5 of herman 1993 , an emma 212 an emma 214 ii in
akes an  ollar 19 9 to see that the kernel of has the re uisite Eu li ean
properties, then apply A1l an  orollary 7 in herman 1994 The se on term in the last
e pression hasor er 1 as This follo s from the au hy- h arz ine uality, A10, A11,

an a ominate onver en e ar ument This proves on ition ii
on ition iii also follo s from A10, A1l, an ominate onver en e This proves the theo-

rem

on ition 14 is the key i entifyin on ition in the onsisten y proof ote that
in epen en e of the s an s is not nee e for this on ition to hol t is su ient that
an be either un orrelate or ne atively orrelate or e ample, if , here

is an arbitrary real-value fun tion on an is un orrelate  ith , then an
are un orrelate  Thus, an be onsistent un er eneral forms of heteros e asti ity n

this settin , o ells 1991 uantile re ression estimator, for e ample, oul be use to provi e a

- onsistent, asymptoti ally normal rst-sta e estimator of

uppose E pan the rank fun tions into sums an i nore all

23



terms ithe ualin i esto et

ith ran in over the 1 2 3 4 5 or ere 6-tuples
of i erent inte ers from the set 1 or e an is a si th-or er -statisti
ivi e throu h by an take e pe tations enote the result by
e ne
here isthe umulative istribution fun tion of The onsisten y proof oesthrou h as
before ith playin the role of ote, ho ever, that A10 an A1l are automati ally satis e
for
e no establish the limitin  istribution of e onsi ert o ases eterministi an
e be in ith the ase eterministi Re all that an has istribution on
the set oreah , , an , e ne

24



here, for , 1234,

an , as before, , for e ample, is shorthan for

| =

The proof of Theorem 4 is i enti al to the proof of Theorem 2

e t, e onsi er the ase or ea h , , an

25
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here, for , 123456,

Apart from osmeti i eren es, the proof of Theorem 5 is i enti al to that of Theorem 2
e lose this se tion by notin that the varian e- ovarian e matri es in the last t o theorems

an be estimate wusin numeri al erivatives as pres ribe in e tion 3 for an s estimator

n this se tion, e present simulation results omparin t o of the ne rank estimators of

to ans estimator, the ikelan oksum 19 1 parametri estimator un er normality, an the

semiparametri 2 estimator of Amemiyaan o ell 19 1
e hoose for the rst ne rank estimator, an for the se on e
all these estimators an , respe tively in e the fo us of this paper is estimation of

26



, etake askno nan estimate inmo el 3 pei ally, for 0, e take

si n 1
e take 5 1 2, the sample size 50 100 200, an the istribution of to be normal
, € ponential ,an amma ith parameters 5 2 Thus, is istribute 1 Al
error istributions are in epen ent of , entere to zero mean, an res ale to have stan ar

error 5 n ea h simulation, the istribution of is normal ith mean zero an stan ar error
5 Thus, the si nal to noise ratio in ea h simulation is about 3 to 1 The number of repli ations

in ea h simulation is 50 This parallels the simulations one by an 19 7a n a ition, e

estimate a ontamination mo el n this mo el, , an for ea h simulation, e hoose
one of the values at ran om an repla e it ith 2ma or the 2 estimator,
e take the instrument matri to be the 2 matri onsistin of a olumn of ones an a

olumn of  values see Amemiya an o ell, 19 1, p356 n ea h repli ation, e estimate

ith a naive ri searh elay o na ri of 500 points spa e 01 units apart on 0 5 an
take to be the ma imizer of the appropriate riterion fun tion over these points hen there
is an interval of ma imizers, e take to be the mi point of the interval or ea h simulation,

e ompute the mean of the estimators as ell as the root mean s uare error base on
the 50 repli ations e also ompute omputation times for ea h simulation The results for the
estimators of i kel an oksum, an,an thet one rank estimators are iven in Table 1 The
results for the 2 estimator are iven in Table 2

nmo els , ,an , orrespon in tothe i erenterror istributions, e see that for sample

27



sizes of 100 an 200 an for all hoi es of , all the estimators o reasonably ell in terms of bias
an , ith the parametri estimator an 2 omparable an havin asli ht e e over
ans, anshavin asli hte e over , an havin asli ht e e over Re all
that the parametri estimator is al ulate un er the assumption of normal errors e n its
relatively oo performan e un er all three error istributions surprisin an 19 7a obtaine
similar results E ept for the 2 estimator, there is a sli ht eterioration in performan e in
terms of bias for all the estimators as ske ness in the error istribution in reases o ever, for
the ontamination mo el , the performan e of the parametri estimator e ra es substantially
for all hoi es of an all sample sizes The 2 estimator performs better than the para-
metri estimator, but not as ell overall as the rank-base estimators The rank-base estimators
perform ell for all hoi es of  for sample sizes of 100 an 200  verall, an s estimator sli htly
outperforms , an sli htly outperforms an s estimator oes ell even hen
50
n terms of omputation time, the ne rank estimators substantially ominate an s estimator
or mo el it took over 70 hours to perform one simulation for ans estimator for a sample
of size 200, hereas it took only about 12 minutes for either of the ne rank estimators The
simulation pro rams ere ritten in an  ere run on a 450 e ahertz Toshiba atellite
ith 64 e abytes of RA
e also enerate histo rams for four of the estimators hen 200 an The results
appear in i ure 1l t appears that the normal appro imation may be reasonable for this mo el

even for the semiparametri estimators at 200

This paper establishes - onsisten y an asymptoti ally normality of ans 19 7a estimator

2



of the parameters hara terizin the transformation fun tion in a semiparametri transformation
mo el e verify a key apnik- ervonenkis on ition for the parameterizations of o an
o 1964 an ikelan oksum 19 1 The veri ation establishes the property for a lass
of sets here nonlinear fun tions of the transformation parameters are positive
ealsointro u eane lass of rank estimators for the transformation parameters an establish
- onsisten y an asymptoti normality These estimators re uire only lo omputations
to evaluate the riterion fun tion, ompare to omputations for ans estimator This is
a hieve by e ploitin pearmans 1904 measure of rank orrelation rather than Ken all s 193
measure, on hi h ans 19 7a estimator is base The former is more omputationally e ient
A simulation stu y ompares the ne estimators to ans estimator, as ell as to the fully
parametri estimator of ikel an  oksum 19 1 an the semiparametri 2 estimator of
Amemiya an o ell 19 1  n these simulations, an s estimator sli htly outperforms the ne
rank estimators in terms of bias an root mean s uare error, but takes over 400 times lon er to

ompute for a sample of size 200
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